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1.1 The examination has five (5) questions.  
1.2 All answers must include a sufficient amount of working and explanation. 
1.3 Note that questions ARE NOT of equal value. 
1.4 Read ALL questions carefully. 
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Question 1 (8 marks) 
Question 1.1 (3 marks) 
Consider the following system. A car of mass 2000 kilograms on a level plane has a force x(t) applied to it. If x(t) is 
considered the input to the system, then the output, y(t) is the velocity of the car in the same direction as x(t). 
When the car is moving, it experiences drag equal to 25 Newton seconds per meter. This drag acts in the 




Determine an input output differential equation for this system in terms of x(t) and y(t) and write it in the correct 
format. 
Hint: start by drawing a free body diagram or similar for the car. 
 
Question 1.2 (3 Marks) 
Use the Euler approximation method, showing sufficient steps, to determine a difference equation for the 
differential equation for the system as determined in part 1.1. 














Question 1.3 (2 Marks) 
What are the drawbacks of using the Euler approximation method? How do we minimise these? Use diagrams 
and formulae to explain your answer. 
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Question 2 (10 marks) 
One way to determine the frequency response, 𝐻(𝜔), of a given system is to do so experimentally. A number of 
single frequency sinusoidal signals are used as the input, x(t), to the system, one at a time. The output of the 
system, y(t), for a given input, can be measured and the magnitude and phase of the frequency response of the 
system, at the frequency of the input sinusoid, can be measured.  




Question 2.1 (2 Marks)  
This system shown in Figure 2 is effectively working as a filter. What type of filter is it? Write a few sentences to 
justify your answer. 
Question 2.2 (4 Marks)  
If the input of the system is now: 𝑥(𝑡) = 2 cos(636.6𝜋𝑡) + cos (477.5𝜋𝑡 +
𝜋
4
) + 3 sin(1273.2𝜋𝑡) . Calculate the 
output of the system, 𝑦(𝑡), for this new input. How does your result confirm your choice of filter in question 2.1? 
Question 2.3 (4 Marks)  
Sketch the double sided frequency domain magnitude and phase plots for both 𝑥(𝑡) and 𝑦(𝑡). (4 separate plots, 
not all on one plot)  
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Question 3 (12 marks) 
The Fourier transform of a signal, 𝑥(𝑡), is defined as: 




Question 3.1 (4 marks) 




 𝑝2(𝑡) is a rectangular pulse shown below in Figure 3. 
 
Figure 3 
Question 3.2 (4 marks) 
Write an expression in the time domain for the two functions shown below in Figure 4 in terms of the rectangular 
pulse, 𝑝2(𝑡), shown above in Figure 3.  
 
Figure 4 
Question 3.3 (4 marks) 
Using the properties of the Fourier transform given in the formula sheet attached, find the Fourier transform for 
the two waveforms in question 3.2 (4 marks)  
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Question 4 (10 marks) 
A signal 𝑥(𝑡) has the frequency spectrum shown in Figure 5. 
 
Figure 5, Frequency Spectrum 
 
Question 4.1 (1 mark) 
What is the bandwidth of the signal 𝑥(𝑡) shown in figure 5?  
 
Question 4.2 (2 marks) 
The signal in figure 5 is multiplied with a carrier signal cos(𝜔𝑐𝑡).  Sketch the amplitude spectrum 𝑆(𝜔) of the 
modulated carrier 𝑠(𝑡) = 𝑥(𝑡) cos(𝜔𝑐𝑡) for 𝜔𝑐 = 6.  
 
Question 4.3 (3 marks) 
The modulated carrier 𝑠(𝑡) (determined in question 4.2) is filtered. The frequency function of the filter is given by  
𝐻(𝜔) = {
2𝑒𝑗3𝜋/2 𝑓𝑜𝑟  3 ≤ |𝜔| ≤ 9
0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑜𝑡ℎ𝑒𝑟 𝜔
} 
Sketch the amplitude spectrum 𝑉(𝜔)  of the filtered signal, 𝑣(𝑡). Can the filter described above be used in real 
time? 
 
Question 4.4 (4 marks) 
Explain in detail (include diagrams and formula if necessary) how the original signal 𝑥(𝑡), from question 4.1, can 
be reconstructed from the filtered signal, 𝑣(𝑡), from question 4.3. Can the signal be reconstructed if 𝜔𝑐 = 1 
instead of 6? 
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Question 5 (15 marks) 
Question 5.1 (5 marks) 
Determine the transfer function, 𝐺𝑃(𝑠), for the motor described below. 




The input to the system is a voltage 𝑉(𝑠) that interacts with the back-EMF created when the motor spins to 
produce the phase voltage. The impedance of the motor coil is used to determine the phase current in the motor, 
which when multiplied by the motor constant gives the torque produced. The torque interacts with the 
mechanical system of the motor, causing the motor to rotate. The Rotational velocity, 𝜔(𝑠), in radians per 
second is the output of the system. 
A given motor has phase impedance (L) of 4mH, resistance (R) of 0.5Ω and motor constant (k) of 0.05. The rotor 
and load have inertia (J) of 0.004kg.m2 and a coefficient of viscous friction (b) of 0.2 N.m.sec. 
Question 5.2 (2 marks) 
A controller with transfer function 𝐺𝐶(𝑠) is used to provide the input into a plant with transfer function 𝐺𝑃(𝑠). 
The input to the controlled system is the reference signal 𝑅(𝑠)which produces the output, 𝑌(𝑠), from the plant. 
Draw the block diagram for the system described if: 
a) open loop control is used 
b) closed loop control is used 
Question 5.3 (2 marks) 
Give an example of an everyday system where open loop control is used and another where closed loop control is 
used. 
Question 5.4 (6 marks) 
Discuss, with the use of formula and diagrams where relevant, how you would use one of the two tuning 
methods discussed in this unit to tune a closed loop PID controller. 
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Formula Sheet 
LAPLACE TRANSFORM PAIRS 
)s(F  )t(f     t  0  





















)( atu    unit step starting at t = a 
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Ziegler-Nichols tuning rule based on critical gain and period 
 

















Controller 𝐾𝑝 𝑇𝑖 𝑇𝑑 










Ziegler-Nichols tuning rule based on the strep response of the system: 
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Properties of Discrete time Fourier transform 
Linearity 𝑎𝑥[𝑛] + 𝑏𝑦[𝑛] 𝑎𝑋(𝑒𝑗𝜔) + 𝑏𝑌(𝑒𝑗𝜔) 
Shift in Time 𝑥[𝑛 − 𝑘] 𝑋(𝑒𝑗𝜔)𝑒−𝑗𝜔𝑘 
Shift in frequency 𝑥[𝑛]𝑒𝑗𝑎𝑛 𝑋(𝑒𝑗(𝑤−𝑎)) 




Time reversal 𝑥[−𝑛] 𝑋(𝑒−𝑗𝜔) 
Time conjugation 𝑥[𝑛]∗ 𝑋(𝑒−𝑗𝜔)∗ 
Time reversal and 
conjugation 
𝑥[−𝑛]∗ 𝑋(𝑒𝑗𝜔)∗ 














Convolve in time 𝑥[𝑛] ∗ 𝑦[𝑛] 𝑋(𝑒𝑗𝜔). 𝑌(𝑒𝑗𝜔) 
Multiply in time 𝑥[𝑛]. 𝑦[𝑛] 
1
2𝜋
∫ 𝑋(𝑒𝑗𝑣). 𝑌(𝑒𝑗(𝜔−𝑣))𝑑𝑣
𝜋
−𝜋
 
 
 
 
 
 
